Abstract. We study differential geometry of spacelike surfaces in Anti de Sitter 3-space from the contact viewpoint. We define the timelike Anti de Sitter Gauss images and timelike Anti de Sitter height functions on spacelike surfaces and investigate the geometric meanings of singularities of these mappings. We consider the contact of spacelike surfaces with models (so-called AdS-great-hyperboloids) as an application of Legendrian singularity theory.
Introduction
Recently, there appeared several articles of differential geometry on submanifolds in Lorentzian space forms as applications of singularity theory [7] , [8] , [9] , [10] , [11] , [12] , [13] , [15] . Minkowski space is a flat Lorentzian space form and de Sitter space is the Lorentzian space form with positive constant curvature. The Lorentzian space form with the negative constant curvature is called Anti de Sitter space which is a vacuum solution of the Einstein equation. However, there are very few researches on differential geometry of submanifolds in Anti de Sitter space as applications of singularity theory so far as we know. In this paper we study the differential geometry on spacelike surfaces in Anti de Sitter 3-space from the view point of the theory of Legendrian singularities.
On the other hand, hypersurfaces in hyperbolic space have been studied in [14] . The basic notions and tools for the study of the differential geometry of hypersurfaces in hyperbolic space have been established. Especially, the hyperbolic Gauss indicatrix of a hypersurface in hyperbolic space has been explicity described and the contact of hypersurfaces with model hypersurfaces has been systematically studied as an application of singulary theory to the hyperbolic Gauss indicatrix. Our aim in this paper is to develop the analogous study for spacelike surfaces in Anti de Sitter 3-space. In Section 2 we first show the basic notions on semi-Euclidean 4-space with index 2 and contact geometry. Especially we give the Legendrian duality theorem (Theorem 2.1) between Anti de Sitter 3-spaces, which is the key to see the view of the whole. In Section 3 we develop local differential geometry of spacelike surfaces in Anti de Sitter 3-space and introduce the notion of timelike Anti de Sitter Gauss images of spacelike surfaces in Anti de Sitter 3-space. Corresponding to this notion we define the Anti de Sitter Gauss Kronecker (briefly, AdS-G-K) curvature and consider the geometric meaning of this curvature. One of our conclusions asserts that the AdS-G-K curvature describes the contact of spacelike surfaces with models (i.e., AdSgreat-hyperboloids). We introduce the notion of timelike height functions in Section 4, named AdS-height function, which is useful to show that the TAdS-Gauss image has a singular point if and only if the AdS-G-K curvature vanishes at such point. In Section 5, we apply mainly the theory of Legendrian singularities for the study of the contact of spacelike surfaces with AdS-great-hyperboloids. In Section 6 we give the generic classification of singularities of TAdS-Gauss images.
We shall assume throughout the whole paper that all the maps and manifolds are C ∞ unless the contrary is explicitly stated.
The basic notations and the duality theorem
In this section we prepare basic notions on semi-Euclidean 4-space with index 2 and contact geometry.
Let
. . , 4)} be a 4-dimensional vector space. For any vectors x = (x 1 , . . . , x 4 ) and y = (y 1 , . . . , y 4 ) in R
4
, the pseudo scalar product of x and y is defined to be x, y = −x 1 y 1 − x 2 y 2 + x 3 y 3 + x 4 y 4 . We call (R 
We call HP (n, c) a Lorentz hyperplane, a semi-Euclidean hyperplane of index 2 or a null hyperplane if n is timelike, spacelike or null respectively.
We now define Anti de Sitter 3-space (briefly, AdS 3-space) by
2 . We define a vector X 1 ∧ X 2 ∧ X 3 by 
In this paper we stick to spacelike surfaces in Anti de Sitter 3-space H 
where n > |c|. We say that AH(n, c) is a AdS-hyperboloid in the Anti de Sitter 3-space. In particular, we call AH(n, 0) the AdS-great-hyperboloid.
On the other hand, we now give a brief review on contact manifolds and Legendrian submanifolds. For some detailed results on contact geometry, please refer to [1] , [3] . Let N be a (2n+1)-dimensional smooth manifold and K be a tangent hyperplane field on N . Locally such a field is defined as the field of zeros of a 1-form α. The tangent hyperplane field K is non-degenerate if α ∧ (dα) n = 0 at any point of N . We say that (N, K) is a contact manifold if K is a non-degenerate hyperplane field. In this case K is called a contact structure and α is a contact form. Let φ : N −→ N be a diffeomorphism between contact manifolds (N, K) and (N , K ). We say that φ is a contact diffeomorphism if dφ(K) = K . Two contact manifolds (N, K) and (N , K ) are contact diffeomorphic if there exists a contact diffeomorphism φ :
We say that a smooth fiber bundle π : E −→ M is called a Legendrian fibration if its total space E is furnished with a contact structure and its fibers are Legendrian submanifolds. For any p ∈ E, it is known that there is a local coordinate system (
and the contact structure is given by the 1-form
Moreover, let π : P T * M −→ M be the projective cotangent bundle. This fibration is a Legendrian fibration with the canonical contact structure K. We now review geometric properties of this space. Consider the tangent bundle τ :
For an element V ∈ T x M , the property α(V ) = 0 does not depend on the choice of the representative of the class [α]. Thus we can define the canonical contact structure on P T * M by
For a local coordinate neighborhood (U, (x 1 , . . . , x n )) on M , we have a trivialization 
. This means that the contact form α on the affine coordinates
We also call the map π • i a Legendrian map and the set W (i) = image π • i the wave front of i. Moreover, i (or, the image of i) is called the Legendrian lift of W (i).
In [6] , [7] S. Izumiya have shown the basic duality theorem which is the fundamental tool for the study of hypersurfaces in Minkowski pseudospheres. In this paper we consider the similar duality theorem in H 3 1 . We now consider the following double fibrations:
Here,
The basic duality theorem in this paper is the following theorem: The proof of the theorem is almost the same as Proposition 2.2 in [7] , so that we omit it.
The local differential geometry of spacelike surfaces in Anti de Sitter 3-space
In this section we introduce the local differential geometry of spacelike surfaces in Anti de Sitter 3-space.
Let X : U −→ H 3 1 be a regular surface (i.e., an embedding), where
is an open subset. We denote M = X(U ) and identify M with U through the embedding X. The embedding X is said to be spacelike if X i (i = 1, 2) are spacelike. Throughout the remainder in this paper we assume that M is an spacelike surface in H 3 1 . Since X, X ≡ −1, we have
where u = (u 1 , u 2 ) ∈ U . We define a vector e(u) by
By definition, we have e, X u i ≡ e, X ≡ 0. Since X is timelike and X u i (i = 1, 2) are spacelike, e is timelike. Therefore e, e ≡ −1. We now define a map
) which is called the timelike Anti de Sitter Gauss image (briefly, TAdS-Gauss image) of X(or M ).
We now consider the geometric meanings of the TAdS-Gauss image of a spacelike surface. We have the following proposition. Proof. We consider the set V = {y ∈ R 4 2 | y, e = 0}. Since T = e is constant, the set V = HP (e, 0) is a Lorentz hyperplane. We also have X, e ≡ 0, so
It is easy to show that T u i (i = 1, 2) are tangent vectors of M . Therefore we have a linear transformation
We say that a point p = X(u) is an Anti de Sitter parabolic point (or, briefly an AdS-parabolic point) of X : U −→ H say that M = X(U ) is totally umbilic if all points on M are umbilic. Then we have the following proposition.
Under this condition, we have the following classification.
where n = e is a constant timelike vector.
The proof is also given by direct calculations, so that we omit it. Since X u 1 and X u 2 are spacelike vectors, we first introduce the Riemannian metric ds
We can also show the following results by exactly the same arguments as those of [14] .
Proposition 3.3 With the above notation, we have the following Anti de Sitter Weingarten formula:
As a corollary of the above proposition, we have an explicit expression for the AdS-G-K curvature by Riemannian metric and the Anti de Sitter second fundamental invariant.
Corollary 3.4 With the same notation as in the above Proposition, we have the AdS-G-K curvature as follows:
Since ds 2 is a Riemannian metric, we have the sectional curvature K I of M , which we call an intrinsic Gaussian curvature. By B. O'Neil [19] (Page 107 Corollary 20), we remark that
The timelike Anti de Sitter height function
In this section we define a family of functions on a spacelike surface in Anti de Sitter 3-space which is useful for the study of singularities of TAdS-Gauss image.
Let X : U −→ H 3 1 be a spacelike surface. We define a family of functions
Then we have the following proposition. (2) By definition, we have
By the AdS-Weingarten formula, we have
Therefore we have
Then we complete the proof.
As an application of the above proposition, we have the following. 
Contact with AdS-great-hyperboloids
In this section we consider the geometric meaning of the singularities of the TAdS-Gauss image of spacelike surface M = X(U ) in H 3 1 . We consider the contact of spacelike surfaces with AdS-great-hyperboloids. We now briefly review the theory of contact due to Montaldi [18] . Let X i , Y i (i = 1, 2) be submanifolds of R could be replaced by any manifold. In his paper [18] , Montaldi gives a characterization of the notion of contact by using the terminology of singularity theory.
For the definition of the K-equivalent, See Martinet [17] . We now consider a function H : H 
We also have relations 
T(u 1 ) = T(u 2 ) if and only if AH(X, u 1 ) = AH(X, u 2 ).
We now consider the contact of M with tangent AdS-great-hyperboloid at p ∈ M as an application of Legendrian singularity theorey. We introduce an equivalence relation among Legendrian immersion germs. Let This result had been firstly pointed out by Zakalyukin [22] . The assumption in the above proposition is a generic condition for i and i . In particular, if i and i are Legendrian stable, then these satisfy the assumption.
We can interpret the Legendrian equivalence by using the notion of generating families. We first give a brief review on Legendrian singularity theory [1] . Here we only consider the local properties. Let F : (R k × R n , 0) −→ (R, 0) be a function germ. We say that F is a Morse family of hypersurfaces f −1
is non-singular, where (q, F (q, x) . In this case we have a smooth (n − 1)-dimensional submanifold,
is a Legendrian immersion germ. Then we call F a generating family of Φ F (Σ * (F )).
We denote E n the local ring of function germs (R
where
The main result in the theory of Arnold [1] and Zakalyukin [21] is the following: 
Now we can apply the above arguments to our situation. We first can show the following proposition:
Without loss of the generality, we might assume that v 1 > 0, then
. We have to prove the mapping
is non-singular at any point. The Jacobian matrix of ∆ * H is given as follows:
We claim that it will suffice to show that the determinant of the matrix
(0). In this case, v = T(u) and we denote
Then we have
On the other hand, we have
We now define a mapping On the other hand, we denote
if and only if h 1,v 1 and h 2,v 2 are K-equivalent. Therefore, we can apply the above arguments to our situation. We denote by Q(X, u 0 ) the local ring of the function germ h v 0 : (U, u 0 ) −→ R, where v 0 = T(u 0 ). We remark that we can write the local ring explicitly as follows:
where C ∞ u 0 (U ) is the local ring of function germs at u 0 with the unique maximal ideal M u 0 (U ). (1) TAdS-Gauss image germs T 1 and T 2 are A-equivalent;
Proof. By the previous arguments (mainly from Theorem 5.1), it has already been shown that conditions (3) and (4) are equivalent. Other assertions follow from Proposition 5.5.
For a spacelike surface germ
(AH(T(u 0 ), 0), u 0 ) the tangent AdS-great-hyperboloidic indicatrix germ of X. In general we have the following proposition: 
In this case, X 
Moreover, we have X
are diffeomorphic as set germs because the K-equivalent preserves the zero level sets.
From the above proposition, the diffeomorphism type of the tangent AdS-great-hyperboloidic indicatrix germ is an invariant of A-classification of the TAdS-Gauss image germ of X. Moreover, we can borrow some basic invariants from the singularity theory on function germs. We need Kinvariants for a function germ. The local ring of a function is a complete K-invariant for generic function germs. It is, however, not a numerical invariant. The K-codimension of a function germ is a numerical K-invariant of function germs. We denote ord(X, u 0 ) = k. This number is equal to the order of contact in the classical sense (cf., [P19-P52, 2]). This is the reason why we call AdS-ord(X, u 0 ) the order of contact with the AdS-great-hyperboloid at X(u 0 ).
Classification of singularities of TAdS-Gauss images
In this section we consider the generic singularities of TAdS-Gauss images. We have almost the same arguments as those of [14] , so that we omit the details. We now consider the space of spacelike embeddings Emb S (U, H The assertion of Theorem 6.1 can be interpreted as saying that the Legendrian embedding L of the TAdS-Gauss image T of X is Legendrian stable at each point. Following the terminology of Whitney [20] , we say that a spacelike surface X : U −→ H 3 1 has the excellent TAdS-Gauss image T if L is a stable Legendrian immersion germ at each point. In this case, the TAdS-Gauss image T has only cuspidal edges and swallowtails as singularities. Theorem 6.1 assert that a spacelike surface with the excellent TAdS-Gauss image is generic in the space of all spacelike surfaces in H advice, warm encouragement and helpful discussions. He also would like to thank the other peoples in department of mathematics for their hospitality.
